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Abstract 

We obtain the C"^ regularity for weak solutions of a class of non- 
homogeneous ultraparabolic equation, with measurable coefficients. 
The result generalizes our recent C" regularity results of homogeneous 
ultraparabolic equations. 
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1 Introduction 



The regularity of ultraparabolic equation becomes important since it has 
many applications. From mathematical points of view, it has some special 
algebraic structures and is degenerated. Though there are more and more 
studies on this problem in recent years, it is still unclear in general, whether 
the interior regularity results hold for weak solutions of the ultraparabolic 
equations with bounded measurable coefficients like the parabolic cases. 
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One of the typical example of the ultraparabolic equation is the following 
equation 

at ox oy^ 

This is of strong degenerated parabolic type equations, more precisely, an 
ultraparabolic type equation. However, if the coefficient is smooth it satisfies 
the well known Hormander's hypoellipticity conditions, which sheds lights 
on the smoothness of weak solutions. It is interesting if the weak solution of 
equation (1.1) is still smooth when the coefficient is only measurable func- 
tions. 

On the other hand, the equation (1.1), if consider it as an equation of ^, 
has the divergent form. A recent paper by Pascucci and Polidoro [12], Cinti, 
Pascucci and Polidoro [2] proved that the Moser iterative method still works 
for a class of ultraparabolic equations with measurable coefficients. Their 
results show that for a non-negative sub-solution u of (1.1), the norm of 
u is bounded by the norm {p > 1). This is a very important step to the 
final regularity of solutions of the ultraparabolic equations. 

We seems to have proved in [15], [17] that the weak solution obtained in 
[14] of (1.1) is of C"^ class, then u is smooth. In this paper, we are concerned 
with the C° regularity of solutions of more general ultraparabolic equations. 

We consider a class of non- homogeneous Kolmogorov-Fokker-Planck type 
operator on R^~^^: 

mo N 

(1.2) Lu=Y^ droi{aij{x, t)dxj u) + hijXidx^ u-dtu = 0, 

i,j=l i,j=l 

where {x,t) G R^~^^, 1 < ttiq < N, and bij is constant for every i,j = 
1, • • • , iV. Let A = {aij)NxN, where aij = 0, if i > mo or j > mo. We make 
the following assumptions on the coefficients of L: 
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{Hi) ttij = Gji e L°°{R^~^^) and there exists a A > such that 

1 mo mo mo 

i=i i,j=i i=i 

for every {x,t) G and { e 

(7^2) The matrix S = {bij)NxN has the form 

/ * 5i ••• \ 

* * B2 ■ • • 

* * * ■ ■ • Bd 

y * * * • • • * J 

where Bk is a matrix m^-i x mfe with rank rrik and mo > mi > • • • > m^, 
mo + mi H \-md = N. 

The requirements of matrix S in {H2) ensure that the operator L with the 
constant satisfies the well-known Hormander's hypoellipticity condition. 
We let A satisfies \ \B\\ < A where the norm 1 1 • 1 1 is in the sense of matrix norm. 
We refer [2] for more details on non-homogeneous Kolmogorov-Fokker-Planck 
type operator on 

The Schauder type estimate of (1.2) has been obtained for example, in 
[18], [19] and [16]. Besides, the regularity of weak solutions have been studied 
by Bramanti, Cerutti and Manfredini [1], Polidoro and Ragusa [13] assuming 
a weak continuity on the coefficient aij. It is quite interesting whether the 
weak solution has Holder regularity under the assumption (Hi) on aij. One of 
the approach to the Holder estimates is to obtain the Harnack type inequality. 
In the case of elliptic equations with measurable coefficients, the Harnack 
inequahty is obtained by J. Moser [9] via an estimate of BMO functions 
due to F. John and L. Nirenberg together with the Moser iteration method. 
J. Moser [10] also obtained the Harnack inequality for parabolic equations 
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with measurable coefficients by generalizing the John-Nirenberg estimates 
to the parabolic case. Another approach to the Holder estimates is given 
by S. N. Kruzhkov [6], [8] based on the Moser iteration to obtain a local 
priori estimates, which provides a short proof for the parabolic equations. 
Nash [11] introduced another technique relying on the Poincare inequality 
and obtained the Holder regularity. Also De Giorgi developed an approach 
to obtain the Holder regularity for elliptic equations. 

We prove a Poincare type inequality for non-negative weak sub-solutions 
of (1.2). Then we apply it to obtain a local priori estimates which implies 
the Holder estimates for ultraparabolic equation (1.2). 

Let Dmo be the gradient with respect to the variables xi,X2, - ■ ■ , Xmo- And 

N 

We say that w is a weak solution if it satisfies (1.2) in the distribution sense, 
that is for any e Cq°(Q), where is a open subset of R^'^^, then 

(1.3) / (l)Yu-(DufAD(l)^0, 

Jn 

and u, DmoU, Yu e L'^^ci^). 

Our main result is the following theorem. 

Theorem 1.1 Under the assumptions {Hi) and {H2), the weak solution of 
(1.2) is Holder continuous. 

2 Some Preliminary Results 

One of the important feature of equation (1.2) is that the fundamental solu- 
tion can be written explicitly if the coefficients is constant (cf. [4], [7]). 
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Besides, there are some geometric and algebraic structures in the space 
induced by the constant matrix B (see for instance, [7]). 

We follow the earlier notations and give some basic properties used for 
example, by [2] and [7], and more details see [2] and [7]. 

Let E{t) = exp(-rBT). For {x,t), ({,r) G R^+\ set 

{x,t)o{C,T)^{C + E{T)x,t + T), 

then o) is a Lie group with identity element (0, 0), and the inverse of 

an element is {x,t)~^ = {—E{—t)x, —t). The left translation by (C,r) given 

by 

{x,t) ^ ({,r) o {x,t), 

is a invariant translation to operator L when coefficient aij is constant. The 
associated dilation to operator L with constant coefficient a^j is given by 

St — diag(tlma-,t^ Imn ■ ■ ■ ) t^'^^^Imd-i 

where 1^^ denotes the ruk x ruk identity matrix, t is a positive parameter, 
also we assume 

Dt dictgitl^Q, t Imii ' ' ' 1^ ■^1714)1 

and denote 

Q = mo + 3mi H \- {2d+ l)md, 

then the number Q + 2 is usually called the homogeneous dimension of 
o) with respect to the dilation St. 

The norm in related to the group of translations and dilation to 

the equation is defined by 

||(x,t)||=r, 

if r is the unique positive solution to the equation 

^2 ^2 4-2 

1 J-^o AT 

— — H — + \ — H = 1 

5 



where {x, t) e R^+^ \ {0} and 

Oil — ■ ■ ■ — Oljfig — 1, CXfjiQ-ii-i — • • • — CXj^iQ-ii-fn^ — 3, • • • , 
«mo+--+md_i+l = • • • = aN = 2d + 1. 

And 11(0, 0)11 = 0. The balls at a point {xo,to) is defined by 
Br(xo, to) ^{{x,t)\ II (xo, to)-' o{x,t)\\<r}, 

and 

B;{xo,to) = Br{xo,to)n{t <to}. 

For convenience, we sometimes use the cube replace the balls. The cube at 
point (0, 0) is given by 

Cr{0,0) = {{x,t)\ \t\<r^, |a;i| <r"S---,|a;iv| <r"~}. 

It is easy to see that there exists a constant A such that 

C^(0,0)c^,(0,0)cCa,(0,0), 

where A only depends on B and N. 

When the matrix {aij)NxN is of constant matrix, we denoted it by Ao, 
and ^0 has the form 




C(t) = [ E(s)AoE^(s)ds, 
Jo 

which is positive when t > 0, and the operator Li takes the form 

Li = div{AoD) + Y, 

whose fundamental solution Fi (•,(■) with pole in C e has been con- 

structed as follows: 

r,{z,0 = T,{C-'oz,o), ^,Cei?^+\ z^c, 
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where z = (x, t). And Ti{z, 0) can be written down explicitly 

(4 7r) 2 

(2.1) ri(^,o) = { 



^^^^exp(-i(C-i(t)a;,a;) -ttr(5)) if i > 0, 



if t < 0. 

There are some basic estimates for Fi (see [2]) 

(2.2) T,{zX)<C\\Q-'oz\\-'^, 

(2.3) |%ri(^,c)|<c||r^o^||-^-\ 

where i = 1, • • • , mo, for all 2;, ^ e i?^ x (0, T]. 

A weak sub-solution of (1.2) in a domain Q is a function u such that 
D^^u, Yu e LL(^) and for any e C^(Q), > 0, 

(2.4) ^ 0Fm - {DufADcf) > 0. 
Similarly, let Fq BqD > —dt, where Bq has the form 



f Bi • 
• 








• \ 

• 







We denote Lq = div{AQD) + Yc, and can define in the same way EQ{t), Co{t), 
and rQ{z, with respect to Bq. We recall that Co{t){t > 0) (see[7]) satisfies 



(2.5) 



Co{t) = D^^Co{l)D^^. 



The following lemma is obtained by Lanconelli and Polidoro (see [7]), 
which is need in our proof. 
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Lemma 2.1 In addition to the above assumptions, for every given T > 0, 
there exist positive constants Ct and such that 

(2.6) {Co(t)x,x)(l-CTt) < {C{t)x,x) < {Co{t)x,x)(l + CTt), 



(2.7) {Co\t)x,x){l-CTt) < {C-\t)x,x) < {Co\t)x,x){l + CTt), 

(2.8) C'Th'^{l-CTt) <detC(t) < C^t^(l + Crt), 
for every {x, t) e x (0, T] and t < ^. 

A result of Cinti, Pascucci and Polidoro obtained by using the Moser's 
iterative method (see [2]) states as follows. 

Lemma 2.2 Let u be a non-negative weak sub-solution of (1-2) in Vt. Let 
{xQ^to) G Vl and B~{xo,to) C Q and p > 1. Then there exists a positive 
constant C which depends only on A and Q such that, for < r < 1 

(2.9) sup uP<-^J vP, 

B-Axo,to) JB-{xo,to) 

provided that the last integral converges. 

We copy a classical potential estimates (cf. (1-11) in [3]) here to prove 
the Poincare type inequality. 

Lemma 2.3 Let {R^~^^,o) is a homogeneous Lie group of homogeneous di- 
mension Q + 2, a G {0,Q + 2) and G G C{R^^^ \ {0}) be a 6\-homogeneous 
function of degree a — Q — 2. If f & Lp{R^^^) for some p G (1, oo), then 

Gf{z)^ J^^^^G{C-'oz)f{OdC, 
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is defined almost everywhere and there exists a constant C = C{Q,p) such 
that 

(2.10) < C max 1^(^)1 1 1/| 
where q is defined by 

1 _ 1 a 
q~ p Q + 2' 

Corollary 2.1 Let f e L'^{R^+^), recall the definitions in [2] 

ri(/)(^) = / _ T,{z,0f{0dC, e 

and 

T,{DmJ){z) = - / D^^lV,{z, OfiOdC, yz e 
then exists a positive constant C = C{Q,T,B) such that 

(2.11) \\m)\\L^HSr)^C\\f\\LHST), 

and 

(2.12) \\r,(DmJ)\\L^.^Sr)<C\\f\\mSr), 

where k = l + k^l + ^ and St = R^x]0, T]. 

3 Proof of Main Theorem 

To obtain a local estimates of solutions of the equation (1.2), for instance, 
at point {xo,to), we may consider the estimates at a ball centered at (0,0), 
since the equation (1.2) is invariant under the left group translation when aij 
is constant. By introducing a Poincare type inequality, we prove the follow- 
ing Lemma 3.5 which is essential in the oscillation estimates in Kruzhkov's 
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approaches in parabolic case. Then the regularity result follows easily by 
the standard arguments. 

For convenience, in the following discussion, we let x' — {xi, • ■ ■ , Xmo) and 
X — (x',x). We consider the estimates in the following cube, instead of B~, 

C; = {{x, t)\ -r^<t< 0, \x'\ < r, \xmo+i\ < (AiVV)^, • • • , \xn\ < {XN^r)'"'+'}. 

Let 

Kr = {x'\ \x'\ < r}, 
Sr = {x I \x^,+^\<{XN^rf ,■■ -,1x^,1 <{XN^r)'"'+'}. 

Let < a, /3 < 1 be constants, for fixed t and h, let 

K,h = {{x', X) e Kpr X Spr, «(•, t) > h}. 

In the following discussions, we sometimes abuse the notations of B~ and 
C~ , since there are equivalent, and we always assume r <^ 1 and A > 8 in 
the following arguments, since A can choose a large constant. Moreover, all 
constants depend on mo, d or Q will be denoted by dependence on B. 



Lemma 3.1 Suppose that u{x,t) > be a solution of equation (1.2) in 
centered at (0, 0) and 

mes{{x,t) e B~, u>l}> -mes{B~). 

Then there exist constants a, j3 and h, < a, f3, h < 1 which only depend on 
B, A and N such that for almost all t e (— ar^, 0), 

mes{N't,h} > -^mes{Kpr x Spr}- 



10 



Proof: Let 

^ = ln+(^-^), 
U + ha 

where h is a constant, < /i < 1, to be determined later. Then v at points 
where v is positive, satisfies 

mo 

(3.1) («y - (DvfADv + x^BDv -dtV^O. 

Let r]{x') be a smooth cut-off function so that 

r){x') = 1, for \x'\ < /9r, 

r]{x') = 0, for \x'\ > r. 
Moreover, < < 1 and \DmA < jr^- 

Multiplying rj'^(x') to (3.1) and integrating by parts on Kj. x S^r x (r, i) 

lKf,r -fssr ^(^' + ^ It iKr Isffr iDmoV^dxdx' dt 

(3.2) < ^^j^^mes{Spr)mes{Kpr) + Jr Jk, Is^r V^x'^ BDvdxdx'dt 

+ Ik, Isgr ^(^^ ^)dxdx', a.e. r, t e (-r^, 0), 
where C only depends on A, B and iV. Let 

Ib= j / X! Xibijd^cjVdxdx' = + /b^, 

JKr JSpr i,j=l 

where 

Af mo 



= / r]^J2J2xibijdx^vdxdx', 

TV TV 

Ib2^ / Xibijd^.vdxdx' . 

JKr JSpr j=l 7=mo + l 
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On the other hand 

\Ib,\ < iKr Is,. e7^'\D^,v\' + C,r;2 Efii E^Ii \xAj\'dxdx' 

(3.3) 

< Ik. Is,. ev'\D^,v\'dxdx' + C{e, B, A, N)(3-Q\Kp.\\S^.\, 

and 

{Ib^I < I Ik. Is,. Eili Ef=mo+i Xihjd^^ vdxdx' \ 

< I Ik. Is,, -v'^ Eili Ej>mo Sijbijvdxdx' \ 
+ 1 Ik. IdjS,. X^ili Sj>mo Xibijvdxjdx'l 

< XNp-Q\Kf,r\\SfSr\Hh-l) 
+^J:llE,>rno^S^P-'''\K,r\\Spr\Hh-h 

where x] — {xmo+i, ■ ■ ■ , Xj-i, Xj+i, . . . , xjv)- When ccj > aj, we have 

/Vb.| < {XNr' + Xr'N')r''^\Kf,r\\Spr\Hh-h, 
or i < j, thus ctj = + 2 by the property of S, then 

J^\Ib,\ < {XNr' + X-'N-')p-'^\Kpr\\Spr\Hh-'^)- 
By A > 8 choose r small enough, such that 

XNr^ + Xr^N^ + X-'N-^ <l, 

8 

thus 

(3.4) £\Ib,\ < \f3-''i\Kf,r\\Sf,r\Hh-'^)- 
Integrating by t to 7^, we have 

I^lK.Is,.v'x^BDvdxdx'dt 

(3.5) < \p-^Qln{h-l)mes{Spr)mes{Kpr) 

+ Ir Ik. Is,. ^v'\DmoV\' + C{e, B, a, N)p-'i\Kp^\S(,.\. 

12 



We shall estimate the measure of the set Nt,h- Let 

^{t) — mes{{x\x)\ x' e Kj-i x e Sr, u{-,t) > 1}. 
By our assumption, for < a < | 

-r'^mes{Sr)mes{Kr) < / iJi{t)dt = / iJ,{t)dt + / iJ,{t)dt, 
that is 

/—ar'^ \ 
fj,{t)dt > (- — a)r^mes{Sr)mes{Kr)^ 

then there exists are (— r^, — ar^), such that 

(3.6) //(r) > (- — q;)(1 — a)~^mes{Sr)mes{Kr) ^ 
we have by noticing v = when m > 1, 

(3.7) / / ^;(r,x',x)dxdx' < ^(1 - Q;)~Ws(5'r)mes(Xr.)ln(/i~5). 

Now we choose £ — and a (near zero) and /3 (near one), so that 

114 

^^■^^ 4^ ^ 2/32Q(l - a) - 5' 

By (3.2), (3.5), (3.7) and (3.8), and note the last term in (3.5) can be 
trolled by C{B, A, A^)(l - /3)-^l3-'^\Kpr\\Spr\, we deduce 

lKf,Js0r'"it^^'^^)dxdx' 

(3.9) 

< [2C(1 -/3) -2/3-0 + lln{h-'i)]mes{Kpr x 5^^). 
When {x', x) ^ jVt,/i, u > h, we have 

ln(^)<ln+(-i-^)<^;. 



then 



\n{-^)mes{Kpr X Spr\J^t,h) < [ [ v{t,x',x)dxdx'. 
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Since 

C+|ln(/i-f) 9 

then there exists constant hi such that for < /i < /ii and t e (— ar^, 0) 

mes{K,3r X Spr\^ft,h) < Y^rnes{Kpr x S/Sr). 
Then we proved our lemma. 

Corollary 3.1 Under the assumptions of Lemma 3.1, we can choose 6, < 
9 < a and 9 < (3 small enough so that 

mes{Bpj, \ Bq^ fl {{t,x)\ u > h}} > Co(a, /3, A)mes{i3^^}, 

where < Co(q;,/3,A) < 1. 

Let x(s) be a smooth function given by 

x{s) = 1 if s < 9^r, 
X{s) = if s > r, 

where 9^Q < ^ is a constant. Moreover, we assume that 

2 



< -x'{s) < 



[l-9^)r 



and x'(s) < 0, if 9^Qr < s < r. Also for any (3i,(32, with 9^Q < (3i < (32 < 1, 
we have 

\x'is)\>C{Pi,P2)>0, 

if f3ir<s< f32r. 

For X e , t < 0, we set 

Q^{{x',x,t)\-r^ <t<0, x' eKr, \xj\ < L_j^rno + l,---,N}, 
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N 2 
i=mo+l ^ 

Mx)-x{o\x'\), 

(3.10) </.(i,x) = </.o(i,x)</.i(x), 

where Ci > 1 is chosen so that 

CyQ-^ > 2e^\t\'^\{x,Be'''C-\\t\)e'''^x)\ 

+e^\t\'^{C-Wt\)e'''\,AoC-\\t\)e'''\) 

for all z e Q. 

In the following discussion, a ~ 6 means 

C(5, A, N)-^a <b< C{B, A, N)a. 

With the notations given in section 2, for s > 0, or t < 0, we have 
following properties: 

(a) = Ao - S^C(s) - 

(6) Y{C-\\t\)x,x) = 4{x,BC-\\t\)x) - {C-\\t\)x,AoC-\\t\)x), 

(c) 

-{C-^{\t\)e'^^x,AoC-Wt\)e'''^x); 
(d) moreover, if |t| is small enough, then 

{d.l) {C-\\t\)e'''\,e'^^x)^\D^^^_^x\^ 
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{d.2) (C-^(|t|)e*^"B^a:,e*^"a:) < C\tnD^^^_.x\', 

(d.3) {AoC-\\t\)e'^\,C-\\t\)e'^\) < C\tnD^^^_^xf, 

where C depends on B, A, and N. 

The property (a) can be checked by the definition, in fact, 

C(s) = r E(t)AoE^(t)dt, 
Jo 

then 

C'is) = Eis)AoE^is), 
C"{s) = E{s){-B^)AoE^{s) + E{s)AoE^{s){-B) = -B^C'{s) - C'{s)B, 
integrating from to s, we have 

C'{s) = Aq - B^C{s) - C{s)B. 

To prove (b), we calculate 

Y{C-\\t\)x,x) 

^[{x,BD)-dt]{C-\\t\)x,x) 
^2{x,BC-\\t\)x) + {d\t\C-\\t\)x,x) 

= 2{x,BC-\\t\)x) - {C-\\t\)d\t\C{\t\)C-\\t\)x,x) 
= A{x,BC-\\t\)x) - {C-'{\t\)x,AoC-\\t\)x). 

The proof of (c) is the same as (b) . 
Applying (2.7) and (2.5), 

(C-^(|i|)e*^^a;,e*^^x) « (Co-'(|i|)e*^^x, e*^^x) 
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where , iB'^ = \t\-'^BD, , i , , le*^"^ = D, ,_i and B has the form 

1*1-2 I I |t| 2 



BI 



B is given by 



/ B 



0,0 



Bifi 



Bi 
B.i 



BJ 





^2 



d,d I 



\ 




Bd-1,0 Bd-i^i -Bd-1,2 • • • ^ci 
\ Bdfi Bd,i Bd,2 ■ ■ ■ Bd,d ) 

then we obtain (d.l). 

For any x e , by the Young inequahty, (2.5) and (2.7), we have 

(C-H|t|)5V^^a;,e*^^a;) 

< e{C-Wt\)B'^e'^^x, B^e'^^x) + ^(C-i(|t|)e*^^x, e'^^ x) 

< 2{e{Co\\t\)B^e'''"x,B^e'^\) + j-^{Co\\t\)e'''" x,e'^\)) 

< C{B,X,N){e\tnD^^^_.x\' + j-jD^^^_.x\^ 

= C{B,X,N)\tnD^^^_^x\' {e=\t\), 



which is (d.2). 
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Let y = e* x, by (2.5), (2.6) and (2.7), we have 
{y,C-\\t\)AoC-\\t\)y) 

= {y,C-\\t\)AoAoC-\\t\)y) 



t\-\yX-\\t\)AoD^^^.D^^^.AoC-\\t\)y) 



consequently. 



< \t\-^y,C-mD^,^^D^^^^C-\\t\)y) 



|t|-i(y,C-^(|t|)i^l^|.D|^|.C-H|t|)y) 
^ N-^(y,C-^(KI)i?l,|iCo(l)i?l^|iC-^(|i|)y) 

= \t\-\y,C-mCo{m-\\t\)y) 

« |t|-i(l/,C-i(|t|)C(|t|)C-i(|i|)y) 

= |t|-i(y,C-i(K|)y) 

« |t|-i(y,Co-^(|t|)|/) 

II I |t| iji'l 

II I ltl 2 I 

and we obtain the proof of (d.3). 

RemEirk 3.1 By the definition of (f) and the above arguments, it is easy to 
check that, for 9, r small and i < 

(1) (t>{z) = 1, m Be,, 

(2) supp(/) C Q, 

(3) there exists cti > 0, which depends on Ci, such that 

{(a;, t) \ — ttir^ < t < 0, a;' e K^i x e 5'^^} ^ supp0. 
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(4) < 0o(^) < 1, for z e {{x,t)\ - air^ <t < -6r'^,x' e Kr,x e S/sr}- 

Lemma 3.2 Under the above notations, we have 

(e)YM^)<0, for zeQ; 

(f) 

I / <l>,\{AoD<f>o,Dr,{z,-))\- f MAD<f>o,D^^{0,■))\<Cee^ 

JQ JQ 

for z e B^^, where Cq is dependant on S, A, N and ^ depends on 9. 

Proof: 
Let 

i=mo+l 

be denoted by [•••]. Then 

y0o = /([• • • ■\^-'mt\^Y{C-\\t\)e'^^x, e'^^x) 

+Qd^\t\'^-\C-\\t\)e''''' X, e'^'^x) + Cir^^-^ 

-(C-i(|i|)e*^^x,>loC:-^(|t|)e*^^x)) +Qe^\t\'^-'{C-\\t\)e'^''x,e'''^x) 

+C,r'Q-^ + Eili j:j>moi2xAjXjr''^-'''^)]. 
We choose Ci > 1, such that 

CyQ-^ > d^\t\Q{2\{x,Be'^C-Wt\)e'^^x)\ 

+{C-\\t\)e'''^x,AoC-\\t\)e'''^x)) 
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by the above (d), 

e^\t\'^\{x,Be'''C-\\t\)e'^"x)\ < C0''\t\'i-^\D^^^_ix\'' < Cr^"^-^, 
for all z e Q. 

Similar results holds for e^\t\'^ {C~\\t\)e'^^ x, AoC-Wt\)e'^^ x) . For the 
term XibijXjr^'^~'^°'^ , then either ctj > aj or aj — ai + 2, we also obtain 

i=l j>mo 

Thus Ci(S, A, N) is well defined, then Y(f)o{z) <0 {ze Q) holds. 



For the proof of (f), let g{z) = Jq (/),\{AoD<t)o, DT, {z, -MC), then g{z) is 
smooth and g{z) < g{0) + C{B, X, N)\z\. In fact, 

= /e0i(/loD0o,OTi(o,-)) 

We choose a domain D as in Remark 3.1, and T> — {{x,t)\ — ctir^ < t < 
— ^r'^,x' e Kj.,x e Spr}, then by choosing small 9 we get, < 0o < 1, 
X'([---]^) ~ 01 = 1, [•••] ~ J^^'^, and ri(0,C) ~ \t\~^ when C e 2^- 
Hence 

5(0) > A, Ar)^V« / (e-^C-^(|T|)e-^"e,^e-''C-^(|r|)e-^"e)- 

Jv 

By D le^^^ =e^D i in (rf.l), and D iC"^(|r|)D i which is positive 
and whose eigenvalues can be controlled by constants from (2.5) and (2.7), 
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then 

which is positive and not dependent on r except zero measurable set, hence 
we get g{0) > Cq9'^ > with Cg as a constant dependant on B, A, N. We can 
choose 9 small, < 9 < 9, such that g{z) < g{0) + ICq9^ for z e 

We now have the following Poincare's type inequality. 

Lemma 3.3 Letw be a non-negative weak sub-solution of (1.2) inBi . Then 
there exists a constant C, only depends on B, X and N, such that for r < 
9 < 1 

(3.11) /_ {w{z) - Io)l < C9'r' [ \D^M', 
where Iq is given by 

(3.12) 7o = rnax^- [h{z) + C^^z)], 

er 

and 

(3.13) h{z) = / [(0iAoL>0o, DT,{z, ■))w - V,{z, >y0](C)dC, 

C2{z)= f [{<l)oAoD<f>,,Dr,{z,-))w]iC)dC, 

JB^ 



where Ti is the fundamental solution, and 4> is given by (3.10). 

Proof: We represent w in terms of the fundamental solution of Fi. For 
z G we have 

^(^) = Sb- UoD{wct>), DT,{z, ■)) - T,{z, ■)Y{w<t>)]{QdC 

(3.14) 

= h{z) + h{z) + h{z)+C2{z), 
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where Ii{z) and C2{z) are given by (3.13) and 

hiz)^ [ [{{Ao- A)Dw,Dr,{z, -r^{z,-){ADw,D<f>)]{OdC, 



IB-, 

h{z)^ f [{ADw,D{T,{z,-)(t>)) - T,{z,-)(t>Yw]{OdC. 

s 

From our assumption, w is a weak sub-solution of (1.2), and is a test 
function of this semi-cyhnder. In fact, wc let 

'1 r < 0, 

x(r) = < 1— nr 0<r<l/n, 
[ T > 1/n. 

Then x(r)0ri(z, •) can be a test function (see [2]). Let n — > oo, we obtain 
0ri(^, •) as a legitimate test function, and h{,z) < 0. Then in Bg^, 

< {w{z) - /o)+ < hiz) = hi + I22. 

By Corollary 2.1 we have 
(3.15) 

||/2i||i2(H-) < C(A,7V)^r||72i||^.+ 4^^_^ < CiB,X,N)er\\DmM\L-iB-^y 
Similarly for J22, 

||/22||l2(s-) < |'Be".|^"^||/22||i2S(e,-) ^ C{B,X,N)9\^\\DmowDmML^(B-y 
where D^^^ = (t)oD^^(t)i + (f)iD^^(l)o. 

\cj>oDmo<i>i\ = \<i>oX'm'\)9D^{\e\)\ <^-, 

and 

|0iL>^„0o| < 20i|x'([--#)|2^[--#-^^^|r|«|Aoe-^C-^(|i|)e-^"el 

< C{B,X,N)r-\er^^)^-^e^\r\^--2\D^ 

|t| 2 

< C{B,X,N)e^r~\ 
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thus 

I I -^22 1 1^2(5-^) < C{B,X,N)e'r\\DmoW\\L,^,s-y 

Then we proved our lemma. 

Now we apply Lemma 3.3 to the function 

w — In"*" — — r- 
u + hs 

If is a weak solution of (1.2), obviously w is a weak sub-solution. We 
estimate the value of /q given by (3.12) and (3.13) in Lemma 3.3. 

Lemma 3.4 Under the assumptions of Lemma 3.3, there exist constants 
\q, To and Tq < 9. Aq only depends on constants a, (5, \, B, N , and (p, 
< Ao < 1; such that for r < r^ 

(3.16) |/o| < Aoln(/i-^). 

Proof: We first come to estimate C2{z) and often denote x — {x',x,t), and 

C = ('C') '?')■ Note supp0 e Q, and z e B^^., then 

(3.17) 

\C2{Z)\ 

= \Js-[{<j>oAoD(f>,,Dr,{z,-))w]{OdC\ 

< C(B,X,N)ln(h-h ^"f sup 1 ||C-^o^||-Q-i •^-^|r|Q+2 

< C(B, A, N) In(h^i) ^"1 9\9^-\ - 9r\-^-^ ■ 9-^\r\^+^ 

(1-6* 2Q)r 

< C(B,X,N)9^+'^-''-^\n{h-'s) 
= Cs^"" ln(/i-5) 
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where ao = Q + j — N— ^>0 and similarly 

\j^-[-(l>oY(j>,r,{z,-)w]{C)dC\ 

< I ij- [-<l>ox'm'\)9 Eili Efii ^ibijCj/W\ r(^, ■)w]{C)dC\ 

(3.18) < C{B,X,N)\9^-\-9r\-^9-^\r\'^+Hn{h-i) 

< C{B,X,N)9^-^-^r^ln{h-'s) 
= C4e«-^-^r2ln(/i-i) 

< C4r''ln(/i-5) 

where cJo = Q + | - -/V > 0, if r < ^. 

Now we let = 1 then (3.14) gives, for z e B^^., 

1 = /H-[(0i^oi^0o,i^ri(^,-))-0iri(^,.)i^0o](C)^^C 

(3.19) 

- /e- 0ori(z, •)i^0i(C)rfC + C2(^)U=i, 

where is given by (3.10). By Lemma 3.2, for z e i?^, 

(3.20) -0iri(^,-)y0o>O. 

(3.21) ^(z) = / \{<f>iAoD(f>o,Dr,{z,-))\<9{0) + lCe9^. 

We only need to prove —(piTilz, ■)F0i has a positive lower bound in a domain 
which w vanishes, and this bound independent of r and small 9. So we can 
find a Ao, < Ao < 1, such that this lemma holds and Aq is independent of 
r and small 9. We observe that the support of x'(s) is in the region 9^r < 
s < r, thus for some P' < 1 (we choose P' near one), the set B^,^ \ B^^ 
with \t\ > 9r'^/Ci is contained in the support of (f)' . Then we can prove that 
the integral of (3.20) on the domain B'^,^. \ B^^ with \t\ > 9r'^/Ci is lower 
bounded by a positive constant. 

For z e Bffj., < ai < a and set 

C e Z = {(e, r) I - air' < r < -y r', x' e Kr, x e S^r, w{C, r) = 0}, 
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then \Z\ = C(ai, A, A^)r'5+^ by Lemma 3.1 and Corollary 3.1. We note that 
w{C) = 0, 0i(C) = 1, |x'([---]^)| > C{ai,B,X,N) > when C G Z and ^ is 
small, then 

= -/^0iri(^,-)x'([--#)i[---]^-'[^VP(2(e,i^e-^C-H|r|)e-^"e) 

> C(S, A, a, N) !z r2Q-2[r2Q] 2^-V-iri(C-^ o ^; Q)dC 

> C{B, A, a, N) Jz r-\t - r)-^ exp{-C\D^^_^^_^ {x - E{t - t)0 H 

>C{B,X,a,N)Jzr-\t-T)-iexp{-C\D^ ,_i{|2) (the same as(d.l)) 

\t\ 2 

>C{B,\,a,N)Jzr-^-' 
^C{B,X,a,P,N)^C5 > 0. 
Similarly we can choose a small data, still denote 9, such that 

/ [-^<i>^r,{z,-)Yct>oKOdc< [ [-cf>,r,{o,.)Yct>omdC + lcee', 

Jq Jq 2 

for z e B^ . We can choose a small 9 ,then choose 9 small, and fixed them 
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from now on, ro < 6*, such that 
1^1 

< {Jq \{<P,AoD<Po, D^^{z, •))! + [-(piTiiz, ■)Y<f>om dC - C,) ln(/i-|) 
+ (C3r" + C4^"«)ln(/i-5) 

< (1 - Cs + Cee^ + C3r° + (74^"°) \n{h--s) + (Cg^"" + C4^"°) ln(/i-s) 

< Aoln(/i~5). 

Where < r < ro, < Aq < 1, depends on a, /3, S, A, N, and 0. 

Lemma 3.5 Suppose that u{x,t) > be a solution of equation (1-2) in B~ 
centered at (0, 0) and 

■mes{{x,t) e B~, u>l}> l-mes{B~). 

Then there exist constant 9 and Hq, < 9,ho < 1 which only depend on B, 
\, Aq and N such that 

u{x, t) > ho in Bff^. 

Proof: We consider 

w = ln+( -j), 

u + hs 

for < /i < 1, to be decided. By applying Lemma 3.3 to w, we have 

/ (w-Io)l<C{B,X,N)-^ [ \D,,M'- 
Let u = ^, then u satisfies the conditions of Lemma 3.1. We can get similar 
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estimates as (3.2), (3.5), (3.7) and (3.8), hence we have 
(3.22) 

C{B,X,N)^^J^-\D^M' 

< C{B, A, N)^[C{B, A, iV)(l - /5)-2/3-Q + | ln{h--s)]mes{K(,r x 5^,) 

< C{e,B,N,X)ln(h-'s), 

where 6 has been chosen. By Lemma 2.2, there exists a constant, still denoted 
by 9, such that for z e Bg^., 

(3.23) w-Jo < C(S,A,7V)(ln(/i-5))i 

Therefore we may choose ho small enough, so that 

C(ln(4))^<ln(^)-Aoln(4). 
h§ 2hl hi 

Then (3.16) and (3.23) imphes 

ho ^ 1 
max g- < — Y 1 

^er u + hl 2hl 

9 

which implies min^- u > ho, then we finished the proof of this Lemma. 

Proof of Theorem 1.1. We may assume that M = maxg-(+M) = 
maxg-(— m), otherwise we replace u by u — c, since u is bounded locally. 
Then either 1 + or 1 — satisfies the assumption of Lemma 3.5, and we 
suppose i + does it, thus Lemma 3.5 implies existing ho > such than 
inf„- (1 + -^) > ho, i.e. u > M{ho - l),then 

Or 

h 

Oscq- u<M-M{ho-l)<{l- -j)Osc^-u, 
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which imphes the C" regularity of u near point (0, 0) by the standard iteration 
arguments. By the left invariant translation group action, we know that u is 
C" in the interior. 

Acknowledgments. We would hke to thank the referees for valuable 
comments and suggestions. 
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